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A nonassociative generalization of supersymmetry is considered: supersymmetry generators as 
nonassociative ones are considered. Associators for the product of three and four multipliers are 
defined. It is shown that using a special choice of parameters the associator of the product of four 
supersymmetry generators is connected with the angular momentum operator. The connection of 
operators decomposition with the hidden variables theory and alternative quantum mechanics is 
discussed. 
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I. INTRODUCTION 



Supersymmetry is one of the important parts of the paradigm of modern physics. Nonassociativity is a rare guest 
in modern theoretical physics. Nevertheless in Ref. [l| many examples of nonassociativity in physics are considered. 
At the moment following nonassociative topics are considered: the classification of quaternionic and octonionic real- 
izations of Clifford algebras and spinors ; nonassociative octonionic ternary gauge field theories based on a ternary 
bracket are considered Q; octonionic electrodynamics and Dirac equation Q 0]; gauge theory on nonassociative 
gaces Q ; nonassociative geometry and discrete space-time ; the Standard model within nonassociative geometry 

Here we would like to show that the supersymmetry has a nonassociative generalization, to give exact definitions 
of three and four associators, to show that in a special case of the definition of four associator this associator will 
be connected with the angular momentum operator and discuss some interesting problems arising with obtained 
decomposition of quantum operators. 

II. SIMPLEST SUPERSYMMETRY ALGEBRA 

The simplest supersymmetry algebra is defined as 

{Qa,Qa} = QaQa+QaQa = 2a^^P^, (1) 
{Qa,Qb} = {Qa,Qi,}=0 (2) 
[Qa,P^^ = [Qa,P,.]^0, (3) 

[Pf.,Pu] = (4) 
where Qa, Qd are supersymmetry generators; = — i^^; /i = 0, 1, 2, 3; a = 1, 2; d = 1, 2 and Pauli matrixes cr^^, a°f' 
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with following relations 
Inverse relation for ([T]) is 



«d-25;:, afa'^.^2S^Si. (7) 



^M = 7<Wa,Qa}. (8) 
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The main goal of this Letter is to show that one can generalize supersymmetry in such a way that supergenerators 
QaiQd become non-associative ones. 
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III. NON-ASSOCIATIVE GENERALIZATION OF THE SIMPLEST SUPERSYMMETRY ALGEBRA 

Let us define associator as follows 

[x,y, z] = {xy) z-x (yz) . (9) 
Let us define associators for supersymmetry generators. Firstly we define associator for the product of three generators 

[Qcc,Qy,Qz]=0 (10) 

where triple x,y,z is any combination of dotted and undotted indices a, a. The associator for the product of four 
generators we define as 

[Qa,QbAQM] = [Qa,Qi„{QM]=0 (11) 
[Qa,Qa,{QbQi,)] = aaa{Qb,Qi,}+Ptb{Qa,Qa} (12) 

where pair x, y is any any combination of dotted and undotted indices a, d; aaa and /3j,j are complex numbers. 

Now we have to check the consistency of commutators Q and (|4]) . The consistency of commutator ([3]) follows from 
the associator pop . To check the consistency of the commutator (j4|) we substitute from ([8]) into ([4]) 

16 (13) 

{[(QaQa) , {QbQi,)] + [{QaQa) , {QbQi,)] + [{QaQa) , {Qf,Qb)] + [{QaQa) , (QfcQb)]) • 



In order to calculate RHS of p3)) we have to calculate the commutator 

[{QaQa) , (QbQi,)] = + Pbb) {Qa, Qa} + {^aa - Paa) {Qb. Q J - ^a^^^Q^ (PaQa) + 2a^^Qa {PaQ i,) ■ (M) 

Other commutators are calculated using ([T^ 

[(QaQa) , (QbQb)] = Kb - ^b) {Qa, Qa} + i^aaa + Paa) {Qb, Qj + ^a-^^^Qb (PaQa) - 2a^^Qa {PaQ b) + 

2a^,[P^,QbQi,] (15) 

[{QaQa) , (QhQb)] = {a,i, ~ /3,j,) {Qa, Qa} + {-aaa + Paa) {Qb, Q J + 2(7^^gfa {P^a) ~ 2a^^Qa {PaQ t) + 

2a^f^[QaQa,Pa] (16) 

[{QaQa) , {QbQb)] = {-a^b + Pbb) {Qa, Qa} + (^ad ^ f^aa) {Qb, Qb} - 20^^)^ {P^^Q a) + 2a^^Q a {PaQ^) - 

2<d [Pc {QbQi,) + {Q,Qb) Pa] - 2a^^ [{QaQa) Pa + Pa {QaQa)] + 4<d< {Pa, Pp} ■ (17) 

Substituting ([14])-(IT7l) on the RHS of ^ we obtain the identity 

[P^,P,] = [P^,P,] (18) 

that proves the consistency of the commutator (HJ. 

The numbers aaa and Pad are still uncertain. Probably the most interesting ease is following 

aaa = cr^x^, (19) 

Pad - -<T^X^. (20) 

In this case the associator [Qa,Qd, {QbQi,)] becomes 

[Qa, Qd, {QbQi)] - 2a^,a,-^Af^, (21) 

where the operator 

^Pf '^lyPfi (22) 

is the angular momentum operator. Inverse relation for (|2ip is 

= l<j;yl' [Qa, Qd, (QbQi,)] ■ (23) 
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IV. DECOMPOSITION OF QUANTUM MECHANICS OPERATORS 

As we saw above the momentum and angular momentum operators in quantum mechanics can be decomposed as 
muhihneal combination of constituents Qa, Qd 

- J<{Qa,ga}, (24) 

- I'^T'^t' [Qa,Qa, {QbQh)] ■ (25) 

In Ref. it is shown that nonrelativistic spin operator Si can be decomposed as the commutator of octonions (for 
the definition of octonions and other details, see Appendix Rj) . 

Si = -^eijk[qj+3,qk+3], = 1,2,3 (26) 

where qi arc split-octonions. 

All of this show us that at least some operators in quantum mechanics can be decomposed as a multilineal combi- 
nation of constituents. 

The decompositions (|24p -(|26 p leads to another interesting question arising in this situation: is there a nonassociative 
algebra A in which there exists an associative algebra Q C A such that Q is the algebra of quantum operators ? 

V. DISCUSSION AND CONCLUSIONS 

In this Letter we have shown that idea of supersymmetry can be extended with the inclusion of nonassociativity 
into supersymmetry. We have defined associators with three and four multipliers and have shown the consistency of 
these definitions. It is shown that for some special choice of parameters of four associator such associator gives rise 
to angular momentum operator. 

We have seen that momentum, angular momentum and spin operators have nonassociative decompositions. It 
allow us to ask the question: is there a nonassociative algebra A in which there exists an associative algebra Q C A 
such that Q is the algebra of quantum operators ? It means that the operators G G G are the operators either of 
quantum mechanics or quantum field theory. If the the answer is positive then appear interesting situation: any 
quantum operator can be decomposed as a multilineal combination of nonassociative constituents. In such situation 
one can give positive answer on old question: is there an alternative quantum mechanics ? The matter is that one 
can rearrange brackets in the nonassociative operator decomposition of quantum operator and redefine the action of 
the operator on wave function. 

In connection with the decompositions (|24p - (j26|) one can remember the hidden variables theory (HVT) where 
hidden variables are classical variables. The HVT argues that the quantum state of a physical system does not 
give a complete description for the system. In HVT it is supposed that quantum mechanics represents a statistical 
approximation of an unknown deterministic theory, where all observables have defined values fixed by unknown 
variables. The difference between the decompositions presented here and HVT is that constituents Qa,Qd 

are nonassociative quantities but in HVT unknown variables are classical ones. Even more one can show [lO| that 
nonassociative quantities are unobservable ones. It means that nonassociative decompositions can not be considered 
as HVT. 
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Appendix A: Octonions 

The split-octonions are nonassociative numbers. Table |T] represents the multiplication rules for octonions qi. Split- 



octonions have the following commutators and associators 

fe+3,9i+3] = -2eijkqk, (Al) 

[qt,qj] = lerjkqk, (A2) 

(9j+3,'?i+3,'7fc+3) = (gi+3gi+3)9A;+3 - 9i+3 (gj+3gfc+3) = 26^^97 (A3) 
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TABLE I: The split-octonion multiplication table. 



here i,j,k = 1,2,3. The commutator (jA3P shows that qi,i = 1,2,3 form a subalgabra. This subalgebra is called 
quaternion algebra H; (71,2,3 are quaternions. The commutator (|A3[) is the same as the commutator relationship for 
spin operators si ~ ai {(Ji are Pauli matrices). The relations (|Al|) - (jA3|) can be written in the Zorn vector matrices 
representation where the octonion o is written in the form 

where = 1; ai are numbers; a, h are real numbers and af, y are 3- vectors. The product of two octonions is defined as 




ac + X ■ V au + dx ^ y x v 
cy + bv + X X u bd + y ■ u 



(A5) 



here, (•) and [x] denote the usual scalar and vector products. Let us to introduce the orthogonal vectors ei, i = 1, 2, 3 
such that Ci x ej = eijk&k and ei -e*, = 8ij. Then the split-octonions have following Zorn vector matrices representation 

1 = ( : 1 ' "^' = -{1-1^ * = I ^ ' = (::') (A6) 

here i = 1,2,3. Thus, the nonrelativistic spin operators have two matrix representations: the first one is Pauli 
matrices representation with = and the second one is the Zorn vector matrices (|A6[) representation with 

■^i --- nQi^ ^ — 1,2, 3. 
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